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On Discrete Soliton and Soliton Lattice
at SmC�

a-SmC Transition Driven by an
Electric Field

YUKI SAKAI, MASASHI TORIKAI,
AND MAMORU YAMASHITA

Department of Physics Engineering, Mie University, Kurimamachiya,
Tsu, Japan

Unwinding process of Smectic C�
a phase (SmC�

a) to smectic C phase (SmC) in an
electric field looks similar to a transition from chiral smectic C phase (SmC�) to
SmC which is interpreted as a soliton condensation. As a pitch of the helical struc-
ture is quite short in the former, a discrete description is required and the soliton
accompanying with should be a discrete type, while in the latter, the soliton is a kink
of sine-Gordon equation. Under the condition of constant tilt at SmC�

a, it has been
elucidated that for the helical pitch larger than four-layer the transition is second
order and a wave number versus field relation makes a devil’s staircase. Here, a free
energy curve for the wave number is proved to be non-differentiable at any rational
wave number, monotonous and convex, corresponding to the devil’s staircase struc-
ture of the wave number. This non-analytic property contrasts with the case of
continuous description in SmC�, where the free energy curve is analytic. In the
framework of the present model, a change of apparent optical axis and switching
current is calculated, which are compared with experimental results reported so far.

Keywords Devil’s staircase; discrete soliton; non-differentiability of free energy;
SmCa

�-SmC transition; switching current

1. Introduction

In some antiferroelectric smectic materials, various intermediate phases appear
between smectic A phase (abbreviated SmA) and antiferroelectric phase, assigned
as SmC�

A. Chiral smectic Ca phase (SmC�
a) is one of such intermediate phases appear-

ing just below SmA. This phase is ferroelectric and has a helical structure like chiral
smectic C phase (SmC�) [1–3]. In both phases, the helical structures are unwound due
to a coupling of polarization to an electric field applied in a direction perpendicular
to the helical axis, and phase transitions to smectic C phase (SmC) occur [3–7].
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In SmC�, a helical pitch is very large and the phase change is described in a con-
tinuum expression for a free energy, and the transition between SmC� and SmC is
interpreted as a soliton condensation of sine-Gordon equation [8,9]. This transition
is a typical example of a transition of nucleation type in contrast with an instability
type of phase transition [10]. An excitation energy of soliton vanishes at a critical
field, and just below the critical field, many solitons may be excited. However, in case
of a repulsive interaction between solitons, those are located with equal separation
having finite density, achieving a periodic structure called soliton lattice. On the
other hand in SmC�

a, a pitch of the helical structure at vanishing field is very small
[11,12], and accordingly a discrete description is required. Then, the soliton should
be replaced by one of discrete type, and it is interesting how properties of the phase
transition to SmC and of the soliton change [13,14].

In the previous report, it is elucidated that branching of a response to the electric
field occurs at three-layer structure [14]. For a pitch larger than four layers, the wave
number versus field relation makes a devil’s staircase structure [14–16] and the wave
number vanishes continuously at the critical field, showing that the interaction
between solitons is repulsive. On the other hand for the pitch smaller than three,
the phase changes to bi-layer structure, which eventually transforms to the uniform
SmC continuously. The branching occurring at three-layer structure is interpreted to
correspond to an experimental evidence on birefringence change in the electric field
in MHPOCBC reported recently by Shtykov et al. [17]. The theoretical results
above-mentioned are derived under a condition of constant tilt angle. The model
we have used was already studied in detail by Yokoi et al. [16], where comprehensive
phase diagram together with soliton property are reported. Here, we report some
facts derived newly for the response of SmC�

a to the electric field in the framework
of the constant tilt.

In the next section, formalism is introduced and discrete soliton solution is
obtained numerically, from which an excitation energy curve of soliton for the elec-
tric field is derived. Following to this, it is proved that a wave number dependence of
free energy density is non-differentiable at any rational wave number, corresponding
to the devil’s structure of the wave number versus electric field profile. In section 4,
an apparent optical axis and switching current is calculated at the present model and
compared with experimental results reported so far. Finally, brief summary is given
together with an appendix where SmC�-SmC transition is reviewed.

2. Discrete Formslidm for SmC�
a and Discrete Soliton

Under the condition of constant tilt angle, h0, a free energy for SmC�
a is given in a

discretized form by [14,15,18]

F ¼ �
X
i

½Kh20 cosðuiþ1 � ui � dÞ þ Eh0 cosui�; ð1Þ

in which ui denotes an azimuthal angle of direction of an electric polarization at i-th
layer, to which the tilt c-director makes a right angle, d a wave number at vanishing
field in a scale unit of layer thickness d, K an elastic constant and an electric field E is
applied in x-direction. This type of free energy is a direct generalization of the one
for SmC�, given by Eq. (A1) in appendix [18], and already used at a study of helicity
unwinding at antiferroelectric smectic C phase [19]. Minimum condition of F leads to
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the following equation,

sinðuiþ1 � ui � dÞ � sinðui � ui�1 � dÞ � e sinui ¼ 0; ð2Þ

where e¼E=Kh0. Equation (2) is analyzed numerically.
First, we obtain a soliton solution to Eq. (2). In the comprehensive study by

Yokoi et al. [16], soliton properties are discussed in detail, where the interaction
between solitons is shown to be repulsive for the pitch larger than four layers. Here
soliton solutin is obtained in a rather naı̈ve method. Equation (2) is rewritten as a
successive equation,

uiþ1 ¼ ui þ dþ sin�1fsinðui � ui�1 � dÞ þ e sinuig: ð3Þ

From a symmetry property of the soliton at the centre, we take u0¼ p�u1, where a
trial value for u1 is chosen suitably. Then, we obtain u2, u3, u4, . . . , successively.
We adjust the value u1 so as un converges to 2p for large n. In Figure 1, a profile
of the soliton is shown, where d=2p¼ 1=8 and e¼ 0.36725. Excitation energy of
one soliton, DF, is calculated simultaneously by the following equation,

DF ¼
X
i

½�Kh20fcosðuiþ1 � ui � dÞ þ e cosuig � fC �; ð4Þ

where fc is free energy per layer at SmC, fc ¼ �Kh20 ðcos dþ eÞ. For various values of
e, solitons are obtained, and values of the excitation energy are calculated. In
Figure 2, field dependence of DF is shown for d=2p¼ 1=8. Needless to say, a field
value at which DF vanishes coincides with the critical field, ec, estimated from a
periodic solution with quite large period [14]. For the field smaller than the critical
field, DF is negative and many solitons may be excited, while because of repulsive
interaction between solitons density of soliton remains finite, making the soliton
lattice, i.e., a periodic structure.

Figure 1. A profile of discrete soliton, where d=2p¼ 1=8.
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3. Non-Differentiability of Free Energy

Apart from the soliton solution, we have periodic solutions to Eq. (2), called soliton
lattice. We consider the form, uiþ p¼uiþ 2pm, (i¼ 1, 2, . . . , p, m (<p)¼ 1, 2, . . .)
with period p in the scale d, and the wave number q given by 2pm=p. It is noticed
that q=2p (¼m=p) is nothing but soliton density [20]. In the previous study, q-e
relation, q(e), is shown to make a devil’s staircase [14,16]. In case of continuous
description in SmC�, free energy density is derived as an analytic function of the
wave number given by Eq. (A1) using Eqs. (A2) and (A4), and corresponding to this,
the wave number is a continuous function of the field as determined by Eqs. (A4)
and (A5). Here, we show that the free energy as a function of the wave number is
non-differentiable at any rational wave number.

A global profile of the free energy per layer, f(q), is shown in Figure 3 at
d=2p¼ 1=4 for various filed, where difference of f(q) from fc, Df¼ f(q)� fc, is
depicted. Linear dependence near the origin is noticed [13,20]. At e¼ ec, a tangent
of Df vanishes at the origin. The value of Df comes from the interaction between soli-
tons The relation of Df to q in Figure 3 looks a smooth curve for each e-value. How-
ever, taken values of q are too rough to clarify the detail of f(q). To see details of the
profile, we choose wave numbers q=2p in Farey series n=(5n� 1) and n=(5nþ 1) with
n¼ 2, 3, 4, . . . , converging the 1=5. The curve f(q) is shown in Figure 4. The value of
the field e is e

ð�Þ
c ð¼1:044Þ in (a), 1.130 in (b) and e

ðþÞ
c ð¼1:215Þ in (c), where the phase

with q=2p¼ 1=5 is stable in an interval, e
ð�Þ
c <e<e

ðþÞ
c [14]. Thus right derivative and

left derivative are apparently different, and roughly speaking the difference between
both derivatives is proportional to a width of stable region (in this case, ðeðþÞ

c �e
ð�Þ
c Þ).

In Figure 4(a), the right derivative vanishes, showing a coexistence between phases of
wave number q=2p¼ 1=5 and n=(5n� 1) with infinite n value. On the other hand in
Figure 3(c), the coexistence between phases of wave number 1=5 and n=(5nþ 1) with
infinite n value occurs. The f-q relation looks almost linear at both side of wave

Figure 2. Excitation energy of discrete soliton, where d=2p¼ 1=8.
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Figure 4. The f(q) showing non-differentiability of Free energy at q=2p¼ 1=5.

Figure 3. Wave number dependence of free energy per layer, Df, where d=2p¼ 1=4.
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number, q=2p¼ 1=5, because of shortness of the repulsive interaction between soli-
tons as shown in Figure 3, where the linear dependence of f(q) extends to about
q=2p¼ 1=5 near the critical field. Because of the devil’s staircase for q(e), any state
with rational q value is stable in a finite interval of e. Thus, we can show
non-differentiability of f(q) at any rational q value within a limit of numerical pre-
cision. Anyway, f(q) is considered to be monotonous and convex, which correspond
to the devil’s staircase.

4. Optical Axis and Switching Current

Experimental observations of physical property of SmC�
a have reported, not so

much, so far, among which change of optical axis due to applied field [1] and switch-
ing current [2] are of interest. Here, we reproduce them in the framework of the
present model.

In chiral ferroelectric smectics, director makes a right angle to the electric
polarization. Assume an azimuthal angle of director ni at the i-th layer, /i¼ui þ
p=2. Then, under the condition of constant tilt angle h0, ni is given by (sinh0 cos(ui

þ p=2), sinh0 sin(ui þ p=2), cosh0). By averaging ni over one period, <ni>, we obtain

<ni>¼ ð0; sin h0 < cos/i >; cos h0Þ; ð5Þ

where <cosui> is an average of cos ui over the period. Thus, an angle of the optical
axis making h from z-axis is given by

tan h ¼ tan h0 <cos/i>: ð6Þ

The tilt angle h0 in the present study is taken arbitrary, and here the average
<cosui> is chosen as a quantity to describe the change of the optical axis. In
Figure 5, field dependence of <cosui> (¼H) is shown for d=2p¼ 1=4 (a) and 1=8
(b), in which wave numbers having relatively large stable regions are taken into
account. Corresponding to the devil’s staircase structure of q(e), the change of

Figure 5. Electric field dependence of tilt angle.
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H shows a staircase structure, which is compared with the experimental result in
Ref. [1], where staircase behaviours are observed at SmC�

a.
The electric polarization in x-axis is proportional to sin h0<cosui> . The switch-

ing current comes from a change of the polarization. In an alternating electric field of
triangle wave, a magnitude of the electric field is proportional to the time at an
increasing field in one period. Accordingly, the switching current, i, is proportional
to a derivative of H with respect to e, that is,

i / dH
de

: ð7Þ

The curves of H in Figure 5 are non-differentiable, and accordingly we replace the
derivative in Eq. (7) by finite difference ratio. In Figure 6, I (¼DH=De) is shown
for d=2p¼ 1=4 and 1=8, where we take De¼ ec=20 and e-value is extended to negative
by mirror imaging and I is scaled in an arbitrary unit. These curves are compared
with the experimental results [2]. In the present stage, it is difficult to discuss
qualitatively. However, profiles shown in Figures 5 and 6 are similar qualitatively
to the experimental curves.

5. Summary

A discrete model as a generalization of sine-Gordon system describing unwinding
process of chiral smectic C phase (SmC�) is applied to chiral smectic Ca phase
(SmC�

a) in an electric field under a condition of constant tilt angle. Though the model
has already been studied extensively [16], here we show a remarkable property of free
energy as a function of wave number, that is, the free energy is non-differential at
any rational wave number. This corresponds to a devil’s staircase structure of the
wave number versus field relation. In the framework of the present model with con-
stant tilt angle, a change of optical axis for increasing field and switching current at

Figure 6. Difference ratio I which is proportional to witching current at triangle wave.
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applied electric field of triangular ware are calculated. These behaviours are in
agreement qualitatively with the experimental results obtained so far [1,2].

In an antiferroelectric smectic materials, successive transition occurs [21]. To
describe the successive phase transition, models with long range interactions have
been introduced [22,23], while the present model is quite simple with only nearest
layer interaction. Here, we are interested in an unwinding process of the helical
structure not in the successive phase transition, and we consider the present model
is suitable for the phenomena concerned.

In a continuum description for SmC�, transition to smectic C phase is continu-
ous so long as a change of the tilt angle is neglected. On the other hand in the dis-
cretized model with interaction of cosine form, the first order transition is shown to
occur for quite short period of helical structure shorter than four layers [16].
Anyway, the effect of the variation of the tilt angle is of interest, because the tilt
angle is generally small in SmC�

a and the variation of the tilt angle may not be
neglected. This is an open problem in a future.

Appendix. Formalisms and Soliton Excitation in SmC�

Unwinding process of SmC� by the electric field is reviewed [8,9]. Under the
condition of constant tilt angle h(z)¼ h0, the Ginzburg-Landau free energy is given
with the electric field E in x-axis by [18]

F ¼
Z

1

2
kh20

du
dz

� q0

� �2

�Eh0 cosu

" #
dz; ðA1Þ

where u (¼u(z)) denotes an azimuthal angle describing a direction of electric polar-
ization at z, q0 a wave number at vanishing field, k an elastic constant and a magni-
tude of the polarization is taken to be unity for simplicity. Euler-Lagrange equation
for Eq. (A1) is given by

d2u
dz2

¼ E

kh0
sinu; ðA2Þ

which is nothing but the static sine-Gordon equation. A periodic solution to Eq. (A2)
is obtained as

u ¼ 2 sin�1 sn
1

j

ffiffiffiffiffiffiffi
E

kh0

r
ðz� z0Þ; j

� �
þ p; ðA3Þ

in which sn(x, j) denotes a Jacobi’s sn-function with j, a modulus. The state
described by Eq. (A3) is called soliton lattice [8,9]. A wave number of the structure
is derived as

q ¼ p2

4

q0
KðjÞEðjÞ ; ðA4Þ

where K(j) and E(j) are complete elliptic integrals of the first and second kinds,
respectively, and the modulus j is determined from the minimum condition of the
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free energy (A1) as a function of E by following relation,

j
EðjÞ ¼

4

p

ffiffiffiffiffiffiffiffiffiffiffiffi
E

kh0q20

s
: ðA5Þ

Thus, q is given as a function of E by the use of Eq. (A5), showing a continuous
curve. At a certain field strength, corresponding to the limit j¼ 1, q vanishes in
Eq. (A4), indicating a critical point, and from Eq. (A5) we obtain a critical field
Ec as

Ec ¼
p2

16
kh0q

2
0: ðA6Þ

At j¼ 1, we have one-soliton solution to Eq. (A2), a kink, given by,

u ¼ 4 tan�1 tanh
1

2

ffiffiffiffiffiffiffi
E

kh0

r
ðz� z0Þ

� �
þ p ðA7Þ

An excitation energy of the soliton is calculated as

DF ¼ 4
ffiffiffi
p

p
kh20q0

ffiffiffiffiffi
E

Ec

r
� 1

� �
/ E � Ec

Ec
ðA8Þ

The excitation energy vanishes at E¼Ec, and For negative value at E<Ec, soliton
lattice described by Eq. (A2) is achieved due to a repulsive interaction between soli-
tons [8,9]. The relation DF(E) in Eq. (A8) corresponds to Figure 2 for discrete soli-
ton. Thus, the transition between SmC� and SmC is interpreted as soliton
condensation [8,9].
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